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ABSTRACT
Compton scattering describes the scattering of a photon after its
collision with an electron. The recent developments of spectral cam-
eras, able to collect photons in terms of energy, open the way to a
new imaging concept: 3D Compton scattering imaging (CSI), which
seeks to exploit the scattered radiation as a vector of information
while a specimen of interest is illuminated by a monochromatic ion-
izing source. Focusing onmodelling the first-order scattering, image
reconstruction from CSI data remains a difficult challenge. In partic-
ular, physical constraints (detector and architecture of the scanner)
lead to various incompleteness scenario within the data and thus
streak artifacts when using filtered backprojection type formulas.
This paper addresses the problem of recovering an object under
study using CSI data subject to incompleteness and assuming only
first-order scattering. The proposed method consists of suitably tun-
ing the multiplicative Kaczmarz algorithm and is implemented and
tested for two architectures of the scanner. Furthermore, the modal-
ity on CSI considered here presents the advantage of not requiring
any rotation of the source or object.
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1. Introduction

Since the advent of Computerized Tomography (CT), many 3D imaging concepts have
emerged and applications relying on imaging have grown. One can mention Single Pho-
ton Emission CT, Positron Emission Tomography or Cone-Beam CT for the standard 3D
imaging systems based on an ionizing source. In these configurations, the energy discrim-
ination has very limited use but the idea of exploiting it in order to enhance the image
quality, optimize the acquisition processor to compensate for some limitations (such as
limited angle issues) has led to various works [1–8]. However, the energy has been used to
provide additional information in these imaging modalities (e.g. spectral or dual-energy
CT).

The recent development of high-energy resolution cameras, i.e. able to bin detected pho-
tons in terms of energy, offers the possibility to consider the spectrum of the measured
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Figure 1. Geometry of Compton scattering: the incident photon energy E0 yields a part of its energy to
an electron and is scattered with an angle ω.

photons as a vector of information in the same way as the source/detector positions in
classical CT. After many works in the two last decades, see [9–14], such cameras reach a
spatial resolution of 1mm and are able to detect with an energy resolution of 1% of its
full width at half maximum (FWHM). Depending on the energy level and on the differ-
ent materials, recent cameras can detect with a resolution�E under 1 keV at 140 keV and
around 5 keV at 600–700 keV. Below in the simulations, we consider energy resolutions
and dimensions of the same order of magnitude for the camera.

The Compton scattering is the collision between a photon (of a given energy E0) and an
electron. The photon gives a part of its energy to the electron producing its recoil and is
then scatteredwith an angleωwith respect to its incident angle, see Figure 1. The Compton
formula [15] gives the energy after collision in terms of the incoming energy E0 and the
scattering angle ω,

Eω = E0

1+ E0
mec2

(1− cosω)
, (1)

whereω ∈ [0,π] is the scattering angle andmec2 = 0.511MeV represents the energy of an
electron at rest. This phenomenon is one of the interactions between photons and matter
responsible for the attenuation of a photon beam crossing a medium and is dominant on
the large range [26 keV, 26MeV], see [16], varying with the type of materials under study.
When the ionizing source is monochromatic, i.e. emitting essentially at one energy, the
loss in energy of the emitted radiation can thus be related with the scattering angle as a
consequence of the Compton effect.

The use of the scattered radiation via suited spectral cameras opens the way to an
innovative 3D imaging concept, Compton scattering imaging (abbreviated here by CSI).
A general concept is depicted in Figure 2. A monochromatic ionizing source illuminates
an object and a set of spectral cameras measure the spectrum of the measured photons
for different positions. Although the technology involved in imaging the scattered radi-
ation has not yet reached the same level of maturity as the one used in conventional
imaging (CT, SPECT, PET), scientists have proposed and studied in the last decades dif-
ferent bi-dimensional systems, called Compton scattering tomography (CST), see, e.g.
[17–32]. More recently, an important application was proposed in radiation oncology for
treatment planning (the electron density is known as reliable information) and image guid-
ance/patient setup for treatments, see [33,34]. It is also possible to consider interior sources,
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Figure 2. Working principle of systems on 3D CSI.

Figure 3. A complete spindle torus (left), its inside part often called lemon (middle) and its outside part
often called apple (right) for a given scattering angle ω ∈ [0,π/2]. The lemon (middle) represents the
torusT(θ , Eω), whereas the apple (right) represents the torusT(θ , Eπ−ω).

for instance via the insertion of radiotracers like in SPECT. Then considering collimated
detectors, it is possible to model the scattered flux through conical Radon transforms, see
for instance [35,36]. In this work, we consider only systemswith external sources.However,
one can notice many similarities to the imaging processes considered for internal source
imaging (e.g. SPECT) where the source origin is unknown and scatter imaging with an
external source (as discussed in this work) where the scatter origin is unknown.

Equation (1) gives a geometric interpretation of the scattered radiation. This is depicted
in Figure 3. Considering a monochromatic source S emitting photons of given energy E0
and a detector D, then the Compton formula tells that the photons detected at a given
energy Eω were scattered by the illuminated medium at pointsM such that ŜMD = (π −
ω). This set of points characterizes a unique spindle torus, noted T(θ ,Eω), in which θ =−→
SD/‖−→SD‖. More precisely, whenω ∈ [0, π2 ] themanifold refers to the inside part – lemon –
of the spindle torus and whenω ∈ [π2 ,π] it refers to the outside part – apple – see Figure 3.

Multiple-order scattering, i.e. photons scattered more than once, occurs in practice
and represents a major challenge. Indeed, the geometric representation described above
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assumes that the detected photons incoming with energy Eω were scattered only once.
Thereby, multiple-order scattering turns out to be difficult to model and thus to handle.
In this paper, we focus on the first-order scattering by assuming that the multiple scatter-
ing was corrected. To do so, a prior information on the studied medium can be considered
to compute the part of the multiple scattering and subtract it from the CSI measurement.
The residual error would then be treated as a component of noise which is understood
here as the whole perturbation and thus as a composition of noise (Poisson) and model
uncertainty. In the same spirit, the multiple scattering shall be substantially reduced para-
doxically by reducing that part of the Compton effect. One can imagine both the following
configurations (see Section 5) in order to theoretically reduce the contribution of multiple
scattering.

• In the first case, we exploit the dominance curve of the attenuation phenomena by
considering an initial energy E0 around the inflection point of the dominance photo-
electric absorption/Compton scattering. In a medical/human body context, the energy
E0 could be chosen at <80 keV. This setting reduces the chance of Compton scattering
but more specifically of multiple scattering. Indeed, the first-order scattered photons
lose a part of their energy falling into the dominance part of the photoelectric absorp-
tion and reducing by the same way the occurrence of multiple scattering. The drawback
of this approach is to sacrifice the number of scattered photons requiring a longer acqui-
sition time in order to limit the share of multiple scattering and thus to ensure the toric
representation. This configuration would fit with medical applications.

• The second configuration consists in increasing the emission energy E0 for the pur-
pose of favouring the scattered radiation considering slim objects to image leading to a
reduction in the impact of the attenuation factor and thus the chance of multiple scat-
tering. This configuration has the advantage to limit the photoelectric effect and thus to
increase the detection ratio but also restrict the size and shape of the objects under study.
This configuration would fit with non-destructive testing applications, for pre-clinical
trials when studying small animals or as a complement to microscopy applications. It
may also apply to radiation therapy applications (e.g. when using Cs137, or even poten-
tially Co60 which is not monoenergetic but maybe close enough with only two-photon
energies).

Both cases rely on the dominance of the attenuation curves regarding Compton scat-
tering and photoelectric absorption. These curves are quite smooth and even though the
transition is arbitrarily assumed to be at 80 keV, the relative probabilities will not actually
vary greatly when choosing 70 keV vs. 90 keV for instance.

The measurement of the scattered radiation carries information of the scattering sites
and thus of the density of electrons. Therefore, the development of 3D CSI modalities
involves the following inverse problem: to model the acquisition step under the form
T ne = g and then recover the electron density map ne. A closed-form inversion formula
for such a family of operators does not exist to the best of our knowledge. However, in [37]
we proposed the study of a generalized Radon transforms on a family of surfaces suited
for the tori observed in CSI. In particular, we gave a reconstruction formula which was
proven to preserve the contours of the electron density. The contours are the singulari-
ties of the object, i.e. where the object is not smooth. In most applications, the objects are
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piecewise constant or smooth and thus the contours or singularities represent its edges.
They are simply displayed by application of some differential operators such as the gra-
dient or the Laplacian. However, the reconstruction technique cannot handle incomplete
data, see Figure 10. Indeed, we will see that the architectural and technological constraints
will lead to limitations in the data. In order to circumvent the well-known streak artifacts
like in the limited angle case in CT, we propose to apply an iterative algorithm.We selected
a multiplicative Kaczmarz (also called ordered subset expectation maximum-likelihood
‘OSEM’ algorithm) algorithm first due to its robustness to Poisson noise but also due to its
fast convergence. However, we will see that the forward operator T is strongly connected
to the electron density and thence cannot be fully known. To solve this issue, we modified
the OSEM algorithm to fit with the reconstruction problem in 3D CSI.

Section 2 shows how the data in CSI can be modelled by a weighted toric Radon trans-
form neglecting or at least considering as noise the multiple scattering. In Section 3, we
propose two architectures for CSI modalities and discuss incomplete data issues. We pro-
pose a designed algorithm for CSI data in Section 4. The algorithm corresponds to a
modified multiplicative Kaczmarz algorithm combined with a step of total-variation reg-
ularization. The choice of these techniques is motivated by the systematic presence of
Poisson noise due to the emission process and the scattering process. Finally, Section 5
deals with the simulation results on the different modalities with each configuration con-
sidering Poisson noise and incomplete data on two test phantoms. The first phantom is
the classical Shepp–Logan phantom in 3D with low-contrast and the second one is a slim
board symbolizing potential non-destructive testing applications. A conclusion ends the
manuscript.

2. Modelling based on a weighted toric Radon transform

We consider a monochromatic ionizing source S and a detectorD able to collect incoming
photons in terms of energy. We also assume that the photons are scattered only once as
discussed in the Introduction. We denote by s, d and x the coordinates of the points S, D
and M. Then, the variation of the number of photons Nc detected at D and scattered at
M in a solid angle d�c along a direction making an angle ω with the incoming flux, see
Figure 1, can be quantified as

d2Nc

dx d�c
= I0r2e

4
P(ω)

A0(s, x)Aω(x, d)
‖s− x‖2‖x− d‖2 ne(x), (2)

with I0 the intensity of the emitted flux, P(ω) the Klein–Nishina probability [38], re the
classical radius of an electron, ne(x) the electron density at point x and A0(s, x) (resp.,
Aω(x, d)) the attenuation factorwith photometric dispersion before (resp., after) scattering.
The attenuation factor between two points x and y can be expressed through the well-
known Beer–Lambert law, i.e.

Aω(x, y) = exp
(
−‖y − x‖

∫ 1

0
μω

(
x+ t

(y − x)
‖y − x‖

)
dt
)

in which μω is the lineic attenuation at energy Eω. As seen in the Introduction, the set of
pointM for a given scattering angle ω belongs to the lemon (resp., apple) part of a spindle
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torus for ω < π/2 (resp., ω > π/2). In the following, we assume that D is a point detec-
tor, i.e. its size is sufficiently small to ensure that each point M (in practice each voxel) is
uniquely determined for the scattering angles ω and has an open aperture sufficient to col-
lect the scattered photons. Thereby, the intensity of detected scattered photons at D with
energy Eω is after integration along the torus T proportional to∫

x∈T
A0(s, x)Aω(x, d)
‖s− x‖2‖x− d‖2 ne(x) dx.

One recognizes the weighted Radon transform of the electron density ne along the lemon
or apple part of the spindle torus T. We recall here some results from [37]. Let us define
v = d− s ∈ V. Trigonometric identities lead to the surface illustrated in Figure 4 to be
represented as the set

T(ω, v, s) =
{
s+ ‖v‖

2 sinω
Rvu(α,β) : α ∈ [−ω + π/2,ω + π/2],β ∈ [0, 2π]

}
(3)

with

u(α,β) =
⎛
⎝(sinα − cosω) cosβ
(sinα − cosω) sinβ

cosα + sinω

⎞
⎠

and Rv the rotation matrix induced by the vector v which using our convention is

Rv =
⎛
⎝cosψ cosϕ − sinϕ sinψ cosϕ
cosψ sinϕ cosϕ sinψ sinϕ
− sinψ 0 cosψ

⎞
⎠

in which ψ and ϕ stand for the polar and azimuthal angles associated with v/‖v‖, i.e.

v
‖v‖ =

⎛
⎝sinψ cosϕ
sinψ sinϕ

cosψ

⎞
⎠ .

With the variables (ω, v, s), the inverse problem associated to the measurement would be
over-determined. This is why s and v will be related in a way such that the source S is fixed
or the movements of S and D are synchronized, i.e. dim(V) = 2. Examples will be given
in the following. For the sake of simplicity, we shall write s instead of s(v) and d instead of
d(v). Therefore, the measurement in CSI of the first-order scattered radiation between a
source s and a detector d incoming with an energy Eω is given by the following operator:

Twne(ω, v) = I0r2e
4

P(ω)
∫ 2π

0

∫ π/2+ω

π/2−ω
A0(s, x(α,β))Aω(x(α,β), d)

× ne (x(α,β))
‖v‖2

4 sin2 ω
| sinα − cosω| dα dβ (4)

with

x(α,β) = s+ ‖v‖
2 sinω

Rvu(α,β).
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Figure 4. A geometric representation of the parametrization of the torus.

In the following, we will write the data by a more formal representation for our study and
consider the energy Eω as parameter,

Twne(Eω, v) =
∫
�

w(x,ω, v)ne(x)δ(ω − φ(x, v, s)) dx,

with the ‘level-set’ characteristic function of {x ∈ T(ω, v, s)} given by the following rela-
tion:

ω = arctan

(√
‖v‖2‖x− s‖2 − ((x − s) · v)2
(x− s) · v − ‖x− s‖2

)
� φ(x, v, s).

In the different setups presented below, the analytical inversion of the operator Tw is
unknown to the best of our knowledge. Iterative methods should thus constitute the
best way to solve the inverse problem Twne = g. In the next section, we depict potential
architectures which could be considered for concrete 3D CSI systems.

3. Two architectures in 3D CSI and incomplete data issues

In order to solve the inverse problem Twne = g regarding the electron density ne, it is nec-
essary to provide data g for a sufficient number of scattered energies Eω and for sufficient
detector positions v.

The formulation given above is independent of the choice of V given that dim(V) = 2.
Within the aim to develop CSI systems, we consider two different architectures with prac-
tical advantages and possibilities depicted in Figure 5( a,b). In both cases, the ionizing
source S is fixed. This will have the advantage to avoid any rotation of the source or of
the object under study. In the first modality, called here CSI1, the set of detectors are uni-
formly distributed on a sphere. For practical reason, the source S is fixed as a given point
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Figure 5. Two configurations for CSI modalities. (a) CSI1; (b) CSI2.

on the sphere. However, it could also be considered inside the sphere. The set V can thus
be represented by the vector

v =
⎧⎨
⎩D cosψ

⎛
⎝cosϕ sinψ
sinϕ sinψ

cosψ

⎞
⎠ ,ψ ∈ (0,π/2), ϕ ∈ [0, 2π]

⎫⎬
⎭

with D the diameter of the sphere and S the origin of the Euclidean basis.
In the second modality, called here CSI2, the set of detectors are uniformly distributed

on a cylinder also passing through S. Like above S could be placed inside the cylinder. The
set V can here be represented by the vector

v =
⎧⎨
⎩R

⎛
⎝ ρ

cosϕ
(1− sinϕ)

⎞
⎠ , ρ ∈ [−2, 2], ϕ ∈ [0, 2π]

⎫⎬
⎭

with R the radius of the cylinder and S the origin of the Euclidean basis.
The object has to be placed strictly inside the sphere (respectively, the cylinder) and

shall be centred to maximize the quantity of information in the data. The advantage of
these approaches is to decrease the acquisition time by avoiding the rotation of the source.

However, incomplete data issues shall occur due to energetic resolution of the detector
and due to non-closedness of set V depending on the architecture of the CSI scanner.

• The modality CSI1 is subject only to the issue on energetic resolution. Indeed, the size
of the torus will increase too fast as the scattering energy/angle decrease. Its size can
be symbolized by the distance between the equator of the torus and the segment SD
symbolized by the segment OH on Figure 4 and given as the function

d(ω) = SD
(

1
sinω

− 1
tanω

)
.
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Figure 6. d′(ω) for SD = 1.

Its derivative is depicted in Figure 6 for SD = 1. The behaviour of d′(ω) shows roughly
the evolution of the sampling of the tori as the scattering angle increases (resp., as the
detected scattering energy decreases). This means that for given energy or angular res-
olution, the distance between two successive tori will be much larger for low energies
than for high energies. Therefore, the information encoded in the data for low energies
or high scattering angles may be irrelevant due to a lack of accuracy of the detector; one
can speak of the inconsistency of the back-scattered part in the CSI data. Consequently,
the sampling is inconsistent between low and high energies leading to artifacts in analyt-
ical reconstruction methods. This part of the data brings less information and can lead
to artifacts in the reconstruction when using filtered backprojection type techniques. A
solution could also consist in considering a nonlinear sampling for the energy in order
to compensate this phenomenon, but this would lead to energetic resolution much too
high to be technologically achievable. To avoid confusion, we include this phenomenon
to the class of incompleteness considered here.

• In the case of the modality CSI2, the shape of the cylinder brings limited angle issues in
addition to the ones seen above. Indeed, the cylinder would require an infinite length
in order to get the full measurement. This is unrealistic and this is why the data in CSI2
will suffer from incomplete data, including limited angle issues.

Instead of a cylinder or a sphere,V could also be made for example of detector planes to
facilitate the examination of large objects or for the sake of detector conception. Without
a loss of generality, any surface could be considered in the choice of V.

4. Amodifiedmultiplicative Kaczmarz algorithm for 3D CSI

When one wishes to solve an inverse problem Ax = y ∈ Rn as an optimization prob-
lem, the EM (expectation maximum-likelihood) algorithm searches for maximizing the
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likelihood functional
n∑

i=1

(
yi log(Ax)i − (Ax)i

)
.

The existence of a maximizer x is certain if and only if the Kuhn–Tucker conditions are
satisfied [39]. The gradient of the likelihood leads then to the EM algorithm

xk+1 = xkAT y
Axk

, k = 0, 1, . . . .

We refer to [40,41] for standard works on the convergence and applications in imaging.
The EM algorithm is notoriously slow to converge. To circumvent this issue, the ordered
subset EM (OSEM) splits A and y into submatrices Aj and subvectors yj, j = 1, . . . , np.
This approach was proposed by Hudson and Larkin [42] and can be understood as a
multiplicative version of the Karzmarz method for the solution Ax = y.

In this part, we propose an iterative reconstruction method based on the OSEM
algorithm, to solve the inverse problem Twne = g under the discrete form Twne = g.
Section 2 models the measurement process in CSI as a linear system of equations with

Tw =

⎛
⎜⎝
Tw,1
...

Tw,P

⎞
⎟⎠ , g =

⎛
⎜⎝
g1
...
gP

⎞
⎟⎠ , ne =

⎛
⎜⎝
n1
...
nN

⎞
⎟⎠

with P the number of detector positions andN the number of voxels representing the elec-
tron density. The matrix Tw is called the projection matrix and is split into submatrices
Tw,j : RQ ×RN → RP with Q the total number of detected energies. The data gj ∈ RQ

with j = 1, . . . ,P stands then for the data for a given detector position j and is a function
of the energy Eω. The detected energies are equally sampled and represented by the vector

E =

⎛
⎜⎝
E1
...
EQ

⎞
⎟⎠ .

The corresponding scattering angles are noted ωk with k = 1, . . . ,Q.

4.1. Computation of the projectionmatrix

The entries of the projectionmatrix are computed as theweighted toric Radon transformof
a corresponding basis function with centroids noted xi, i = 1, . . . ,N. Rectangular pulses
(voxels) are often a standard choice to sample the 3D Euclidean space. Instead, we consider
a smoother basis function with

δi(x) = exp
(
−‖x− xi‖

2γ 2

)

with γ a given constant, i.e.

ne(x) ≈
N∑
i=1

niδi(x).
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Therefore,

Tw,j(k, i) =
∫
�

w(x,ωk, vj)δi(x)δ(ωk − φ(x, vj, s)) dx.

In order to save computation time, we can assume that the weight function w varies slowly
in the neighbourhood of each points xi and get using the previous section

Tw,j(k, i) ≈ w(x,ωk, vj)
∫
�

δi(x)δ(ωk − φ(x, vj, s)) dx

≈ w(x,ωk, vj)
∫ 2π

0

∫ π/2+ωk

π/2−ωk
δi

(
s+ ‖vj‖

2 sinωk
Rvju(α,β)

)

× ‖vj‖2
4 sin2 ωk

| sinα − cosωk| dα dβ .

Since the voxel basis {δi} is essentially local (a different basis could be selected to ensure
the locality and the smoothness such as bump functions), the computation of the integral
can be tremendously reduced by computing the angles αi,j,k,βi,j,k such that

xi = s+ ‖vj‖
2 sinωk

Rvju(αi,j,k,βi,j,k),

and then by integrating over a small neighbourhood of the pair (αi,j,k,βi,j,k).

4.2. Poisson noise

In order to model the statistical nature of the emission and scattering of photons, we con-
sider a Poisson process. This noise is characteristic for the emission of an ionizing source
and of scattering. It is characterized by the Poisson distribution

Pr(x = k) = λk

k!
e−λ

with λ the average number of events per interval. Thus, when we consider noisy data, ḡ will
be replaced by gε where the values gεjk are drawn following the Poisson distribution with
λ = gjk.

For the simulations, we have considered two phantoms: one with low contrast and for
which the noise level is set to 0.5%; and one with high contrast and for which the noise level
is set to 5%. To calibrate the level of noise, we tune the quantity of photons emitted by the
source, noted previously I0, to ∼ 109 photons in the first scenario and ∼ 107 photons in
the second scenario. The error is a posteriori computed following the mean absolute error
and are chosen accordingly with the contrast of each test images.

4.3. Reconstruction algorithm

The EM algorithm (Expectation–Maximization) is known to be particularly suited to
deal with data corrupted by Poisson noise. This is why we focus on this approach.
More precisely, we consider the ordered-subset EM algorithm (OSEM) which accelerates
considerably the convergence of the EM algorithm.
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However, we cannot apply strictly these algorithms given that the attenuation map
remains partially unknown as pointed out in the Introduction. We propose the following
adaptation of the OSEM algorithm to our case.

Data: Given gε , f 0,0 and w0

while l < L× P do
j = rand(1, . . . ,P);
Compute Twj,j ;

f l+1 = f l
1
t
TT
wl ,j

gεj
Twl ,jf l

with t = TT
wl ,j1;

Update wl;
l← l+ 1 ;

end
Result: f LP ≈ ne
In the algorithm, L stands for the number of loops, rand(1, . . . ,P) draws without

replacement a number from 1 to P randomly following a uniform distribution, f 0,0 and
w0 are the initial ‘prior’ conditions. The lack of knowledge of the weight function w comes
actually down to the one of the attenuationmapμω sincew is a function of the attenuation
map. From Stonestrom et al. [43], the attenuation map is written as

μω(x) = E−3ω μpe(x)+ σc(Eω)ne(x)
with σc(E) the Klein–Nishina function [38] andμPE a characteristicmap of the attenuating
medium and ne the electron densitymap. The first part describes the effect of photoelectric
absorption, whereas the second one gives the attenuation due to Compton scattering. The
total cross-section is

σ c = 3σ0
4

(
2(1+ ε)2
ε2(1+ 2ε)

+ ln(1+ 2ε)
ε

(
1
2
− 1+ ε

ε2

)
− 1+ 3ε
(1+ 2ε)2

)
,

with ε = Eω/mc2, σ0 = 8πr2e/3 the cross-section of the Thomson scattering, and re =
e2/mec2 = 2.818× 10−13 cm the classical electron radius. In this paper, we consider two
types of applications with different energy E0.

• With a low energy E0 in order to limit the scattering of order higher than 2. In this
case, the photoelectric absorption becomes dominant and μω(x) ≈ E−3ω μpe(x). Then,
the update of wl in the reconstruction algorithm can be performed via a segmentation
of f l+1, for instance K-means, assuming we know the kind of materials in the object,
i.e. we know the potential values in μpe. Such an assumption is not really restrictive in
practice.

• With a high energy E0 but a thin object also in order to limitate the scattering of
order higher than 2. In this case, the Compton effect is dominant and thus μω(x) ≈
σc(Eω)ne(x). Then, the update of wl consists in computing μl

ω(x) = σc(Eωl)f l+1(x).

In the next section, we will see that the proposed OSEM algorithm provides satisfactory
results and remains stable with Poisson noise. However, the algorithm does not denoise
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Figure 7. Industrial toy object. First row: central slices of ne(x)/(6.68× 10−23). Second row: central
slices of the prior attenuation map used to initialize the projection matrix in cm−1.

the reconstructed image. For this purpose, we add at the end of the algorithm a denoising
step based on total variation. A standard method, see [44], consists in finding a minimizer
f † of the functional

J(f ) = 1
2
‖f − f n‖2L2(�) + λ‖|∇f |‖L1(�)

with f n the noisy 3D image, λ a regularization parameter and� the compact domain of the
3Dobject under study. The construction of theminimizer can be expressed as the following
gradient descent flow:

df
dt
= (f n − f )+ λ · div

( ∇f
ε + |∇f |

)
,

where the parameter ε apodizes the singularity when |∇f | = 0. For the simulation results,
we computed 1000 steps with dt = 0.1, λ = 0.5 and ε = 0.1.

A proof of the convergence of the proposed algorithm remains a mathematical chal-
lenge. The reconstruction technique as well as the measurement process in 3D CSI
is illustrated in the next section via various architectures in 3D CSI and simulation
results.

5. Simulation results

We consider two phantoms with specific setup and for both modalities proposed above,
see Figures 7 and 8.

With the first phantom, we intend to illustrate industrial applications (non-destructive
testing). In order to favour the scattering, the source emits with energy of 662 keV, is
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Figure 8. Medical toy object. First row: central slices of ne(x)/(3.34× 10−23). Second row: central slices
of the exact attenuationmap in cm−1. Third row: central slices of the prior attenuationmap in cm−1 used
to initialize the projection matrix.

monochromatic and isotropic. It could correspond to the Cs-137 source. As explained in
the Introduction, the toy object is flat with dimensions: 1 cm× 8 cm× 8 cm. A cavity is
located inside as well as cylinders of different sizes. The attenuation coefficients μ662(x)
are

• 0.32 cm−1 for the main material,
• 0.64 cm−1 for the two medium cylinders and
• 0.96 cm−1 for the others cylinders and the borders.

The electron densities are scaled according to the formula μE(x) ≈ σc(E)ne(x) eval-
uated in E = 662 keV. Due to the high energy E0, the photoelectric absorption is
neglected. The outside support is assumed to be known and is used as prior attenuation
map.

With the second phantom, we intend to illustrate medical applications. In this case, the
source is monochromatic and isotropic and emits with an energy of 140 keV in order to
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limitate multiple scattering. This could correspond to the widely used Tc99m with 98.6%
of its emitted photons having energy 140 keV. The toy object is composed of spheres and
ellipsoids and represents the well-known Shepp–Logan phantom in 3D. The dimensions
of the main ellipsoid are 22.5 cm× 20 cm× 17 cm. The electron densities are obtained by
multiplying themodified Shepp–Logan intensities by 3.34× 10−23 cm−3 and the attenua-
tion coefficients μ140(x) are obtained by 0.16(1+ SL) cm−1 on the support of the object,
in which SL is the intensity map for the 3D modified Shepp–Logan. The support of
the Shepp–Logan with the border part are assumed known and are used as the prior
attenuation map.

5.1. Simulation results for the CSI1

This paragraph describes the simulation results for both phantoms and for the modal-
ity CSI1. The sphere is composed of 12800 ‘point’ spectral occupying 1× 1mm2

regions.

• For the board phantom, we have the following parameters:
- The radius of the sphere is D = 20 cm.
- The source emits at 662 keV.
- The energy resolution of the cameras (sampling step of the vector E) is 4.8 keV.
- Also, we consider a Poisson noise of 5% (mean absolute error).
- The resolution of the final image is 1mm.

• For the Shepp–Logan phantom, we have the following parameters:
- The radius of the sphere is D = 50 cm.
- The source emits at 140 keV.
- The energy resolution of the cameras (sampling step of the vector E) is 0.3 keV.
- Also, we consider a Poisson noise of 0.5% (mean absolute error). The noise has to

be low in this case as the contrast of the object is very low.
- The resolution of the final image is 2.5mm.

The 3D-CSI1 data are depicted in Figure 9. Due to the energy resolution, a part of
the measurement (back-scattering) is inconsistent. As mentioned in the Introduction, the
contour-based reconstruction technique proposed in [37] leads to streaks artifacts for
incomplete data. This is illustrated in Figure 10.We can note that the artifacts are important
and hinder the detection of the contours.

We now apply our algorithm to the board phantom and to the Shepp–Logan phantom.
The central slices of the reconstructions after one sweep for the board and after three
sweeps for the Shepp–Logan phantom are, respectively, depicted on Figures 11 and 12.
Figure 11 shows on the first row, the reconstruction obtained from the algorithm and on
the second row, the same reconstruction after a TV-denoising step. The contrast and com-
plexity of the Shepp–Logan phantom require less noise and more iterations to deliver a
satisfactory reconstruction as depicted by Figure 12. More generally, we observe the pro-
posed algorithm succeeds to provide a reconstruction without artifacts in spite of the
incompleteness of the data and remains robust to handle the complexity of the Poisson
noise (as expected from the OSEM).
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Figure 9. 3D CSI1 Data – First row depicts the data for the board phantom: (first column) 3D visualiza-
tion via parallel slices, (columns 2,3,4) corresponding parallel slices. Second row depicts the data for the
Shepp–Logan phantom: (first column) 3D visualization via parallel slices, (columns 2,3,4) corresponding
parallel slices The greyscale (colourbar) indicates the number of detected photons, themore, the darker.

Figure 10. Central slices of the 3D contour reconstruction for the board phantom: first row – with full
data, second row – with incomplete data. The intensities are rescaled dividing by (6.68× 10−23).

5.2. Simulation results for the CSI2

This paragraph describes the simulation results for both phantoms and for the modality
CSI2. The cylinder is composed of 25600 ‘point’ spectral cameras occupying 1× 1mm2

regions.
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Figure 11. Central slices of the 3D reconstruction f LP for the board phantom: first row – before the TV-
denoising step, second row–after the TV-denoising step. The intensities are rescaled dividingby (6.68×
10−23).

Figure 12. Central slices of the 3D reconstruction f LP for the Shepp–Logan phantom: first row – first
iteration of themodified OSEM algorithm after the TV-denoising step, second row – third iteration of the
modified OSEM algorithm after the TV-denoising step. The intensities are rescaled dividing by (3.34×
10−23).
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Figure 13. 3D CSI2 Data – First row depicts the data for the board phantom: (first column) 3D visualiza-
tion via parallel slices, (columns 2,3,4) corresponding parallel slices. Second row depicts the data for the
Shepp–Logan phantom: (first column) 3D visualization via parallel slices, (columns 2,3,4) corresponding
parallel slices The greyscale (colourbar) indicates the number of detected photons, themore, the darker.

• For the board phantom, we have the following parameters:
- The radius of the cylinder is R = 20 cm.
- The source emits at 662 keV.
- The energy resolution of the cameras (sampling step of the vector E) is 2.4 keV.
- Also, we consider a Poisson noise of 5%.
- The resolution of the final image is 1mm.

• For the Shepp–Logan phantom, we have the following parameters:
- The radius of the cylinder is R = 50 cm.
- The source emits at 140 keV.
- The energy resolution of the cameras (sampling step of the vector E) is 0.3 keV.
- Also, we consider a Poisson noise of 0.5%. The noise has to be low in this case as

the contrast of the object is very low.
- The resolution of the final image is 2.5mm.

The 3D-CSI2 data are depicted in Figure 13. One can observe the limited data on the
third column. The data are cut or missing due to the limited energy resolution of the spec-
tral camera and to the finite size of the cylinder. The 3D reconstructions are represented in
Figures 14 and 15 via the central slices. The analysis for CSI1 still holds for the data onCSI2.
One can remark that in this case the part ofmissing data ismore important than for the pre-
vious simulations on CSI1 which explained why one needs more sweeps of the algorithm
to obtain satisfactory reconstructions, respectively, five sweeps for the board phantom and
three sweeps for the Shepp–Logan phantom.

6. Discussion

In this section, we address two important aspects that have been neglected until now,
namely the multiple scattering and the photoelectric absorption.
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Figure 14. Central slices of the 3D reconstruction f LP for the board phantom: first row – first iteration of
the modified OSEM algorithm before the TV-denoising step, second row – fifth iteration of the modified
OSEMalgorithmbefore the TV-denoising step, third row– fifth iteration of themodifiedOSEMalgorithm
after the TV-denoising step. The intensities are rescaled dividing by (6.68× 10−23).

• The multiple scattering corresponds to the photons that are scattered more than once
and represents a substantial part of the measured spectrum, around 50%. In [45], the
author studied the impact of the second scattering and showed that the second scattering
has a smoother contribution than the first scattering within the spectrum. Due to its
smoothness, the variations of themultiple scattering turn out to be very low. Therefore, a
reasonable a priori of the object is sufficient to compute and compensate for themultiple
scattering.

• As discussed before, the attenuation can be expressed as the sum of the photoelectric
absorption and the Compton scattering contribution,

μω(x) = E−3ω μpe(x)+ σc(Eω)ne(x).

In order to simplify, the modelling and the algorithm, we neglected the first term.
Although such an assumption is reasonable for high energies and soft materials, the
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Figure 15. Central slices of the 3D reconstruction f LP for the Shepp–Logan phantom: first row – first
iteration of themodified OSEM algorithm after the TV-denoising step, second row – third iteration of the
modified OSEM algorithm after the TV-denoising step. The intensities are rescaled dividing by (3.34×
10−23).

photoelectric absorption is not negligible for low energies (for instance in the case
E0 = 140 keV in our simulations above). However, one can proceed as in [46], i.e. use
clustering techniques (such as K-means) to segment the electron density in terms of
materials at each iteration. Thereby, one can deduce an approximation ofμpe and update
adequately the attenuation coefficient used in the forward operator Tw. More generally,
since the outside isosurface of the object can be deduced from the spectral data using
support theorems, the support of the object can be used to initialize the algorithm.
Also, corresponding CT-scans could be used to initialize the algorithm if the type of
application implies existing large databases.

We would also like to emphasize that additional considerations such as the detector
material efficiency varying with the energy or detector response are not considered here
but could be inserted in the forward model using a corresponding operator. Otherwise,
considering a more realistic model for the camera could be treated as model uncertainty.
The latter will be the focus of future research.

7. Conclusion

Following on from [37], this paper proposes a modified OSEM algorithm to deal with
incomplete data issues in 3D CSI modalities. After a description of the forward mod-
elling and of the proposed reconstruction algorithm, simulation results were proposed
and applied on data corrupted with Poisson noise. The results are convincing and suc-
ceed to provide a satisfactory reconstruction after few numbers of iterations (maximum
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of 5 iterations), in particular giving the considered modalities have the massive advantage
to require no rotation of source or object in comparison with other imaging modalities.
Part of future works is to prove the convergence of the proposed algorithm and to test
the algorithm on real data or at least on ground truth data obtained, for instance, by
Monte-Carlo simulations.
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